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EXAMENUL DE BACALAUREAT – 2007 

Proba scris✆ la MATEMATIC  
 

PROBA D 

                                   Varianta ….095 
Profilul: Filiera Teoretic✄: sp.: matematic✄-informatic✄, Filiera Voca☎ional✄, profil Militar, Specializarea: specializarea matematic✄-informatic✄ 

♦ Toate subiectele sunt obligatorii. Se acord✆ 10 puncte din oficiu. Timpul efectiv de lucru este de 3 ore.  

 La toate subiectele se cer rezolv ri cu solu ii complete 

 SUBIECTUL I ( 20p )  

(4p) 
a) S  se determine coordonatele punctului de intersec ie al dreptei 

1

4

1

1

3

2

−

−
=

−
=

+ zyx
 cu 

planul 0=z . 

(4p) b)  S  se determine valoarea num rului .cossin 20072007 22 +  

(4p) c) S  se determine coordonatele punctelor de intersec ie dintre elipsa 02549 22 =−+ yx  

       i dreapta 0=x . 

(4p) d)  S  se determine modulul vectorului kjiv ++= . 

(2p) e)  S  se determine modulul num rului complex 1+i. 

(2p) f)  S  se determine aria unui triunghi care are lungimea unei laturi 10 i lungimea în l imii 

corespunz toare ei 6. 

  
 SUBIECTUL II ( 30p ) 

 1.  

(3p) a) S  se determine restul împ r irii polinomului 13 −X  la polinomul 12 ++ XX . 

(3p) b) S  se calculeze num rul 5log2log 25 ⋅ . 

(3p) c) S  se determine solu ia real  a ecua iei xx 75 = . 

(3p) d) S  se determine partea întreag  a num rului .π  

(3p) e) S  se determine probabilitatea ca un element }13,12,11,10,9{∈n s  verifice rela ia 

.1lg <n  

  

 2. Se consider  func ia :f R →R, .2cos)( xxf =  

(3p) a) S  se calculeze )(xf ′ ,  R∈x . 

(3p) b) S  se determine .
1)(

lim
ππ −

−

→ x

xf

x

 

(3p) c) S  se arate c    ( ) ( )xfxf =+ π , R∈∀x .  

(3p) d) S  se calculeze ∫
4

0

)(

π

dxxf . 

(3p) e) S  se determine .
2cos

lim
n

n

n ∞→
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 SUBIECTUL III ( 20p )                                                      

 
Se consider  func ia QRQR \\: →f , 

x
xf

1
1)( += , QR \∈x  i irurile 

N∈nnF )(  

i N∈nna )(  date prin rela iile de recuren : 11 −+ += nnn FFF , ∗∈ Nn , 00 =F , 11 =F , 

)(1 nn afa =+
, N∈n , QR \0 ∈a . Not m 

�������
���

orin

n ffff ...= , ∗∈ Nn . 

(4p) a) S  se arate c  func ia  f  este bijectiv . 

(4p) b) S  se arate c  10≠nF ,  pentru orice N∈n . 

(4p) c) S  se determine N∈n ,  astfel ca 21=nF . 

(2p) d) Utilizând eventual metoda induc iei matematice, s  se demonstreze c  
























 −
−









 +
=

nn

nF
2

51

2

51

5

1
, N∈∀n . 

(2p) e) S  se arate c  )( 0afa nn = , ∗∈∀ Nn . 
 

(2p) f) S  se arate c  
1

1)(
−

+

+⋅

+⋅
=

nn

nn

n
FxF

FxF
xf , QR \∈∀ x ,  

∗∈∀ Nn . 

(2p) g) S  se calculeze n
n

a
∞→

lim . 

 SUBIECTUL IV ( 20p )                                                                

 
Pentru ∗∈ Nn  se consider  func iile R→







 π

2
0,:f n , 

xx

x
xf

nn

n

n
ctgtg

tg
)(

+
= , 

R→






 π

2
0,:gn , 

xx

x
xg

nn

n

n
ctgtg

ctg
)(

+
= , 







 π
∈

2
,0x . 

(4p) a) S  se arate c  )(
2

xgxf nn =







−

π
,  ∗∈∀ Nn  , 








∈∀

2
,0
π

x . 

(4p) b) S  se determine )(lim
2

xfn
x π→

 i )(lim
0

xgn
x→

, ∗∈ Nn . 

(4p) c) S  se calculeze ∫

π

π

4

6

1 )( dxxf . 

 (2p) d) S  se arate c  func iile nf  sunt cresc toare iar func iile ng  sunt descresc toare, 

∗∈∀ Nn . 

(2p) e) S  se arate c  adxxgdxxf

a

a

n

a

a

n == ∫∫
+

π

−
π

+
π

−
π

4

4

4

4

)()( , pentru orice 






 π
∈

4
,0a , ∗∈∀ Nn  . 

(2p) f) S  se determine ∫∞→

b

a

n
n

dxxf )(lim , unde 
4

0
π

<<< ba . 

(2p) g) S  se determine ∫

π

π
∞→

3

10

)(lim dxxf n
n

. 
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Subiectul I 

a) Punând z=0 in ecua ia dreptei ob inem (10,5,0). b) 1. c) (0;
2

5
); (0;-

2

5
). d) 3 . e) 2 . 

f)30. 

Subiectul II  1. a) 0.   b) 1.  c) x=0. d) 3. e) 
5

1
. 

2. a) f’(x)= -2sin2x, x∈R. b) f’(π )=0; c)f(x+π )=cos(2x+2π )=cos2x=f(x), x∈R.  

d) ∫
4

0

)(

π

dxxf = .
2

1

2

2sin 4

0

=

π

x
e)  Deoarece 12cos1 ≤≤− n , N∈∀n , rezult  c  

0
2cos

lim =
∞→ n

n

n
. 

Subiectul III 

a) Fie ∈21 , xx cu R-Q cu f(x1)=f(x2). Ob inem 
21

1
1

1
1

xx
+=+  de unde x1=x2, deci f 

injectiv . Fie ∈y R-Q. Din 
1

11
1

−
=⇒+=

y
x

x
y  ob inem c  pentru orice ∈y R-Q 

exist  
1

1

−
=

y
x ∈R-Q astfel încât f(x)=y ,deci f surjectiv . 

b) F2=1, F3=2, F4=3, F5=5, F6=8, F7=13 i Fn=Fn-1+Fn-2 ≥ F7=13, pentru orice n 8≥ , deci 

Fn ∈∀≠ n,10 N.((Fn) strict cresc.). c) F8=F7+F6=21, deci n=8. 

d) Demonstr m prin induc ie. Pentru n = 0 este evident (0 = 0). 

Dac  























 −
−









 +
=

nn

nF
2

51

2

51

5

1
i =−1nF
























 −
−









 +
−− 11

2

51

2

51

5

1
nn

atunci  

=+ −1nn FF























 −
−









 +
++ 11

2

51

2

51

5

1
nn

= 1+nF . 

e) Fie P(n):an=fn(a0), n∈N
*
.P(1); a1=f1(a0) adev.Fie P(k), k∈N* adev., deci ak=fk(a0) i 

avem ak+1=f(ak)=f(fk(a0))=fk+1(a0), deci P(k+1) adev.⇒P(n) adev. pt. ∈∀n N
*
. 

f) P(n): fn(x)= ∈
+

+

−

+ x
FxF

FxF

nn

nn ,
1

1 R\Q, ∈n N
*
. P(1): f(x)=

01

12

FxF

FxF

+

+
este adev rat . 

Consider m P(k) adev., deci fk(x)= 
1

1

−

+

+

+

kk

kk

FxF

FxF
i avem fk+1(x)=(f � fk)(x) = +=+ 1

)(

1
1

xf k

 

kk

kk

FxF

FxF

+

+

+

−

1

1 = 
kk

kkkk

FxF

FFxFxF

+

+++

+

−+

1

11 = =
kk

kk

FxF

FxF

+

+

+

++

1

12 , deci P(k+1) adev. P(n) adev 

∈∀n N
*
. 

g) 
10

01

0 lim)(limlim
−

+

∞→∞→∞→ +

+
==

nn

nn

n
n

n
n

n FaF

FaF
afa = 
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51

lim
11

0

0

11

+
=


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


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 −
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
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+
















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
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


 −
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



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






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 −
−









 +
+
























 −
−









 +

−−

++

∞→ nnnn

nnnn

n

a

a

. 

Subiectul IV 

a) Avem ctgxxtg =







−

2

π
 i tgxxctg =








−

2

π
, 








∈

2
 ,0
π

x . 

b) 1)(lim  analog si ,1

1

1
lim)(lim

0

22

==



















+

=
→

→→

xg

xtg

xctg
xf n

x

n

n
x

n
x

ππ
. 

c) 









 −
+=−==

+
= ∫∫∫ 4

23

122

1
)cossin(

2

1
sin)( 4

6

4

6

2
4

6

4

6

1

π
π

π

π

π

π

π

π

π

xxxxdxdx
ctgxtgx

tgx
dxxf . 

d) ∈







∈

+
−= nx

xtg
xf

nn ,
2

,0,
1

1
1)(

2

π
N. Fie 2121 ,

2
,0, xxxx <







∈

π
. Func ia tg este strict 

cresc toare pe 








2
,0
π

i ob inem )()( 21 xfxf nn < , deci fn este strict cresc toare. Atunci 









−>








− 21

22
xfxf nn

ππ
, deci )()(g 21n xgx n> , de unde gn descresc toare. 

e) I1= ∫ ∫ ∫∫
+

−

−−

+−

+

−

+

−

−=−=−=

a

a

a

a

a

a

nnn

a

a

n dxxgdttgdxxgdxxf
4

4

4

4

4

4

4

4

)()()
2

()(

π

π

π

π

π

π

π

π

π . 

⇒







∈∀=−

2
,0),()(
π

xxgxg nn .2.)(
4

4

212

4

4

1 adxIIIdxxgI

a

a

a

a

n ==+== ∫∫
+

−

+

−

π

π

π

π

 Deci I1=I2=a. 

f) ( ) ∫∫∫∫ =⇒−=≤≤≤
∞→

b

a

n
n

n
b

a

n

b

a

nb

a

n dxxftgbabbdxtgdx
xtg

dxxf 0)(lim)(
2

1

2

1

2
)(0 . 

g) Avem ∫∫∫∫ +=+=
6

10

3

6

6

10

3

10

)(
12

)()()(

π

π

π

π

π

π

π

π

π
dxxfdxxfdxxfdxxf nnnn  i, din f), rezult  c  

∞→n
lim

12
)(

3

10

π

π

π

=∫ dxxf n .  
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